The tidal disruption of a star by a supermassive black hole, and the subsequent accretion of the disrupted debris by that black hole, offers a direct means to study the inner regions of otherwisequiescent galaxies. These tidal disruption events (TDEs) are being discovered at an ever-increasing rate. We present a model for the evolution of the tidally-disrupted debris from a partial TDE, in which a stellar core survives the initial tidal encounter and continues to exert a gravitational influence on the expanding stream of tidally-stripped debris. We use this model to show that the asymptotic fallback rate of material to the black hole in a partial TDE scales as ∝ t −2.26±0.01 , and is effectively independent of the mass of the core that survives the encounter; we also estimate the rate at which TDEs approach this asymptotic scaling as a function of the core mass. These findings suggest that the late-time accretion rate onto a black hole from a TDE either declines as t −5/3 if the star is completely disrupted or t −9/4 if a core is left behind. We emphasize that previous investigations have not recovered this result due to the assumption of a Keplerian energy-period relationship for the debris orbits, which is no longer valid when a surviving core generates a time-dependent, gravitational potential. This dichotomy of fallback rates has important implications for the characteristic signatures of TDEs in the current era of wide-field surveys.
INTRODUCTION
A star of mass M ⋆ and radius R ⋆ is destroyed by the tidal field of a supermassive black hole (SMBH) of mass M • if the star comes within roughly the tidal radius r t ≡ R ⋆ (M • /M ⋆ ) 1/3 of the SMBH (e.g., Hills 1975; Rees 1988) . Within this distance, the stellar self-gravity is incapable of withstanding the tidal shear of the SMBH, and the star is stretched into a stream of debris (Kochanek 1994; Guillochon et al. 2014; Coughlin et al. 2016a ) with roughly half of the debris bound to the SMBH. Upon returning to the point of disruption, the periapsis of the bound stream is advanced through an additional angle owing to general relativistic precession, which causes the material to self-intersect, dissipate energy, and form an accretion flow (Hayasaki et al. 2013; Shiokawa et al. 2015; Bonnerot et al. 2016; Hayasaki et al. 2016; Sadowski et al. 2016) . The accretion episode briefly illuminates the eric.r.coughlin@gmail.com galaxy, and many of these tidal disruption events (TDEs) have now been observed (e.g., Bloom et al. 2011; Gezari et al. 2012; Cenko et al. 2012; Chornock et al. 2014; Arcavi et al. 2014; Blagorodnova et al. 2017; Hung et al. 2017; van Velzen et al. 2019 ; see Komossa 2015 for a review).
The characteristic feature of a TDE is often considered to be a smooth decline in luminosity from peak that scales as t −5/3 , where t is the time since peak. This feature can be derived from the energy-period relationship of a Keplerian orbit (Phinney 1989 ; see also Section 2.1 below), and was reproduced by early simulations of TDEs (Evans & Kochanek 1989) . Lodato et al. (2009) developed an analytical model based on the impulse, or "frozen-in," approximation, which assumes that the entire star moves with the stellar center of mass at the tidal radius and thereafter the gas parcels comprising the star follow independent Keplerian orbits (see also Stone et al. 2013) . They showed analytically that other features of the fallback rate (defined as the rate at which bound, tidally-disrupted material returns to pericenter, which will closely track the true accretion rate if energy is dissipated efficiently), such as the time to peak, depend on the structure of the star (see also Gallegos-Garcia et al. 2018; Steinberg et al. 2019) . At late times, however, the fallback curves from their analytic model always followed the scaling ∝ t −5/3 , and these analytical predictions were verified with simulations of TDEs.
The simulations of Lodato et al. (2009) equated the pericenter distance of the star, r p , to the tidal radius, r t , and hence the β ≡ r t /r p of their encounterswhich measures the degree to which tidal forces overwhelm the stellar self-gravity -was always equal to one. performed a suite of hydrodynamical simulations that varied both the stellar structure and β. They found that there is a critical β that separates TDEs into full and partial disruptions, and in the latter scenario a stellar core survives the encounter intact (see also Mainetti et al. 2017) . Moreover, found numerically that the fallback rate from such partial TDEs could be significantly steeper than the expected, t −5/3 scaling, and for a range of encounters that left bound cores was better matched by ∼ t −2.2 (see specifically their Figure  7 ).
While provided estimates for the asymptotic fallback rate from partial TDEs and demonstrated the prolonged influence of the gravitational field of the surviving core, the deviation of the fallback rate from partial TDEs from the canonical, t −5/3 scaling has yet to be shown from first principles. Specifically, is it possible to derive the asymptotic fallback rate from a partial TDE with a relatively simple physical picture akin to the impulsive model of Lodato et al. (2009) , and thereby determine the rate as a function of the core mass? In addition, because TDEs are computationally expensive owing to their large temporal and spatial dynamic range, only simulated the hydrodynamics for the first few days post-disruption (for reference, the most bound material returns to the SMBH on a timescale of ∼ 4 weeks), and then assumed that the binding energy to the black hole was frozen in to calculate the fallback rate; those authors also used the energy-period relationship of a Keplerian orbit to forward-predict the late-time fallback, while the presence of a bound core will modify the energy distribution from Keplerian at late times (see below).
In Section 2 of this Letter, we develop a model for the fallback of tidally-disrupted debris from a partial TDE and show that the asymptotic fallback rate approaches ∝ t −2.26±0.01 , where the upper and lower limits encompass the range of core masses left behind in a typical TDE (see Figure 1) ; we therefore find that partial TDEs are effectively characterized by a universal, late-time fallback rate that scales as ∝ t −9/4 . We also employ a slight variant of the impulse approximation to assess the rate at which partial TDEs conform to this asymptotic limit as a function of the core mass. In Section 3 we summarize our findings and conclude.
PHYSICAL MODEL
We approximate the tidally-disrupted debris stream as a collection of non-self-gravitating fluid elements with a core of mass M c at the zero-energy (with respect to the SMBH) orbit R(t) ∝ t 2/3 . We further assume that the stream maintains hydrostatic balance in the non-radial directions, where "radial" is in the direction joining the SMBH to the core, and hence the stream is a cylinder of nearly-constant width and each gas parcel possesses a temporally-evolving position r(t) (simulations and analytic arguments have validated these approximations when the stream is adiabatic and gas-pressure dominated; Guillochon et al. 2014; Coughlin & Nixon 2015; Coughlin et al. 2016b,a) . The Lagrangian equation of motion for the stream is then
where here the variable held constant when taking the time derivative is the initial position of the fluid element. Introducing the change of variables
where R 0 is the initial location of the core, it follows that
where v = ∂r/∂t is the radial velocity and V (t) = dR/dt is the velocity of the core; Equation (1) then becomes
Here µ ≡ M c /M • is the ratio of the mass of the core to the mass of the SMBH.
Integrating over the cross-sectional area of the stream, the continuity equation can be written
where m(r, t) is the integrated mass contained within the stream from 0 to r. In terms of ξ and τ , this becomes, after using Equation (3),
and hence m = m(ξ 0 ), where ξ 0 is the initial position of a Lagrangian fluid element. The fallback rate onto the black hole can then be found by calculating ξ 0 (ξ, τ ) from Equation (4), adopting a specific form for the mass profile of the stream, and letting ξ → 0.
Asymptotic evolution
In general, the solution for the fallback rate must be computed numerically by solving Equation (4). However, at late times the fallback rate is dominated by gas near the marginally-bound radius, which we will denote by ξ m (ξ 0,m , τ ), where ξ 0,m is the initial position of the marginally-bound fluid element. We can expand the solution for ξ about this radius:
The marginally-bound radius satisfies ξ m (τ ≫ 1) → const ≡ ξ ∞ . Inserting Equation (7) into Equation (4) and setting ξ 0 ≡ ξ 0,m , we find that ξ ∞ satisfies
Note that if µ ≡ 0 we have ξ ∞ = 1, i.e., the marginallybound radius coincides with r = R. For non-zero µ, ξ ∞ will be slightly less than one because of the competing effects of the gravitational field of the core and that of the SMBH. The first-order terms in ξ 0 − ξ 0,m give for the bound material (1 − ξ > 0)
When ξ m → ξ ∞ , the solution for ξ 1 is
where C ± are constants and
Inverting Equation (7) and taking the limits ξ → 0 and τ → ∞ gives
and hencė
where n ∞ ≡ −1 − 2ω + /3. If µ ≡ 0, which implies ξ ∞ = 1, Equation (11) gives ω + = 1 and henceṁ ∝ t (n ∞ = −5/3). In general, we can determine ξ ∞ (µ) by solving Equation (8), and Equation (11) then gives ω + , and hence n ∞ , as a function of the core mass. The exact solution for ξ ∞ (µ) must be calculated numerically, but in the limit of µ ≪ 1 -which is a good approximation for most TDEs where M c /M • 10 −5 -it can be shown from Equation (8) that ξ ∞ is given by
and inserting this expression into Equation (11) and using the fact that n ∞ = −1 − 2/3ω + yields
The left panel of Figure 1 shows the function n ∞ (µ) obtained numerically from the solution to Equation (8) (solid) and the analytic approximation given by Equation (15) (dashed). We see that over a wide range of µ, the value of n ∞ varies from −2.258 n ∞ −2.271. The asymptotic fallback rate is therefore effectively independent of the mass of the core that survives the TDE, and can be written in the particularly simple rational form as 2 n ∞ ≃ −9/4 = −2.25.
Impulse Approximation
The right panel of Figure 1 illustrates the total mass accreted by a 10 6 M ⊙ SMBH computed by solving Equation (4) for the range of µ −6 ≡ µ/10 −6 shown in the legend. Here we assumed that when R = r t the particle velocities were equal to that of the center of mass and the stellar structure was given by a γ = 5/3 polytrope The asymptotic, temporal power-law index of the fallback rate onto the black hole as a function of the ratio of the core mass to the black hole mass, µ. The solid line is the numerical solution to Equation (8), while the dashed line is the approximation given in Equation (15). We see that over five orders of magnitude in µ, the power-law index changes by ∼ 0.01, and hence the asymptotic power-law is effectively independent of the core mass and given by n∞ ≃ −9/4. Right:
The mass accreted by a 10 6 M⊙ SMBH black hole in Solar masses as a function of time in years, obtained by integrating the differential equation for ξ(ξ0, τ ) (Equation 4). Here the initial mass profile was approximated from the frozen-in approximation for a Solar-like star modeled as a γ = 5/3 polytrope. Each curve corresponds to the value of µ shown in the legend, where µ−6 = µ/10 −6 (which is the fraction of the stellar mass that is contained in the surviving core), and the black, dashed curve shows Macc = 0.5M⊙ for reference. At late times the total accreted mass is Macc(t → ∞) = (1 − µ−6)/2. 
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-6 = 0 Figure 2 . Left: The fallback rate in Solar masses per year onto a 10 6 M⊙ SMBH as a function of time in years, computed from the temporal derivative of the accreted mass (the right panel of Figure 1 ), where the initial mass profile was approximated from the frozen-in approximation for a Solar-like star modeled as a γ = 5/3 polytrope. Different curves are appropriate to the values of µ−6 = µ/10 −6 (which is the percentage of the initial stellar mass contained in the core) shown in the legend, and the dashed lines give the asymptotic fallback rates for a stream with (magenta, ∝ t −9/4 ) and without (cyan, ∝ t −5/3 ) a surviving core. The horizontal, dashed line gives the Eddington luminosity of the black hole assuming a radiative efficiency of 10% (i.e., the accretion luminosity is Lacc = 0.1Ṁacc) and an electron scattering opacity of 0.34 cm 2 g −1 . Right: The instantaneous temporal power-law index of the fallback rate, n = d lnṀ /d ln t, for the values of µ shown in the legend. The dashed cyan and magenta lines show the values −5/3 and −9/4, which give the asymptotic scaling of n without and with a surviving core, respectively.
of radius R ⋆ = R ⊙ and mass M ⋆ = M ⊙ , in which case (Lodato et al. 2009; Golightly et al. 2019a )
Here η = R/R ⋆ is the normalized spherical radius measured from the stellar center of mass, q = M • /M ⋆ = 10 6 , and ρ is the density of the polytrope. In addition, to ensure that the mass of the core is equal to the mass of the original polytrope that is within the radii bound to the core, we allowed the core to "form" at some later time τ c (i.e., we let
with Θ the Heaviside step function). The value of τ c was found by requiring that the total mass accreted by the core was equal to the initial core mass. This approximation clearly cannot be valid at early times in partial TDEs, as the stellar center of mass never actually reaches r t in such encounters (at least for γ = 5/3 polytropes, for which the critical β for full disruption is β ≃ 0.9; Mainetti et al. 2017 ), the velocity is predominantly azimuthal (not radial), and some fraction of the stellar mass remains in the core at all times. However, in a realistic encounter, one can imagine that such a frozen-in model is approximately valid when the center of mass is at a radius somewhat larger than r t , the density distribution is slightly elongated from the initial stellar one, and the amount of mass in the core has saturated to a roughly constant value. Therefore, by starting with a spherical arrangement of mass at an artificially small radius and forcing the core to form at a later time, we allow the system to conform to a distribution that is similar to a more realistic one at a larger radius.
More importantly, this approximation gives a reasonable distribution of ξ 0 andξ(τ = 0) = 1 − ξ 0 (see Equation 2) that can be used to integrate Equation (4) and assess the temporal variation of the fallback. The left panel of Figure 2 shows the accretion rateṀ acc in Solar masses per year as a function of time in years, where each curve is obtained by taking the time derivative of the respective curve in the right panel of Figure 1 . We see that the fallback rates rise to peak on a timescale of months, and the curve with µ ≡ 0 asymptotically followṡ m ∝ t −5/3 (cyan, dashed curve). For partial TDEs with a core mass µ −6 15%, each fallback rate closely tracks the core-less curve for a considerable amount of time, but nonetheless eventually exhibits deviations from and falls below the µ −6 = 0 curve. For partial TDEs with a more sizable core mass, the fallback curves never resemble the core-less one and follow the ∝ t −9/4 asymptotic scaling (magenta, dashed curve) at a time of roughly one year. In every case the fallback rate initially exceeds the Eddington luminosity of the SMBH (black, dashed line, assuming a radiative efficiency of 10%).
The right panel of Figure 2 shows the logarithmic derivative of the fallback rate, n(t) = d lnṀ /d ln t, which tracks the instantaneous temporal power-law index of the fallback curves in the left panel of this figure. As expected, the power-law index of the core-less TDE asymptotes to n = −5/3 at late times, and reaches a value of n = −1.5 by a time of roughly one year. Solutions with a substantial core mass ( 15% of the initial stellar mass) quickly asymptote to n = −9/4 and reach n = −2 by approximately one year. When the core mass is on the order of 10% of the initial stellar mass, the solutions spend a considerable amount of time being matched by neither n = −5/3 nor n = −9/4, though for µ −6 = 5.6% (and, to a lesser extent, µ −6 = 8.9%) the solution is well-matched by n = −5/3 for the first ∼ 5 years (as is evident from the right panel of this figure).
SUMMARY AND CONCLUSIONS
In this paper we developed a model to determine the fallback rate from a partial tidal disruption event, which -in addition to producing a stream of debris that feeds the black hole -leaves a bound core that survives the tidal encounter. Using this model, we calculated the asymptotic rate at which material returns to the black hole as a function of the mass of the surviving core; we found that this rate scales with time t as t n∞ with n ∞ = −2.26 ± 0.01, with the upper and lower limits on n ∞ encompassing orders of magnitude in the remnant core mass (see Figure 1) . This model therefore predicts that the fallback rate from partial TDEs effectively approaches a universal power-law scaling ofṀ ∝ t −9/4 . We also employed a variation of the impulsive, or frozen-in model as described in Lodato et al. (2009) to assess the rate at which the fallback curves from partial TDEs approach this universal scaling. We found that, when the core contains 15% of the mass of the initial star, the fallback rate can take greater than ∼ 3−5 years before any appreciable deviation from the fallback rate from a full disruption arises (see Figure 2) . However, for disruptions that leave a more substantial core, the fallback rate exhibits noticeable differences at much earlier times and the rate quickly asymptotes to ∝ t −9/4 . Our results suggest that TDEs produce a dichotomy of fallback rates, with partial (full) disruptions generating an asymptotic accretion rate that scales as t −9/4 (t −5/3 ). If tidally-disrupted stars are uniformly scattered in angular momentum space (i.e., come from a full loss cone; Cohn & Kulsrud 1978; Stone & Metzger 2016) , then the distribution function of the pericenter distance of tidally-disrupted stars that produce flares is f β = β min /β 2 , where β min is the mimimum β at which some mass is tidally stripped from the star. The fraction of partial disruptions is then N partial = 1 − β min /β crit , where β crit separates full and partial disruptions. Mainetti et al. (2017) find that β min = 0.5 and β crit = 0.95 for γ = 5/3 polytropes, while β min = 0.6 and β crit = 2 for a γ = 4/3 polytrope. We therefore find that N partial ≃ 47% of low-mass stars with γ = 5/3 result in partial disruptions, while N partial ≃ 70% of high mass stars (or more highly evolved stars that have developed denser cores) generate partial TDEs and therefore have fallback rates that scale as t −9/4 . While the total mass accreted in partial TDEs is less and self-intersection is more difficult owing to the reduced general-relativistic precession, both of which conspire to yield a less-luminous flare as compared to a full disruption 3 , we expect that a substantial fraction of TDEs detected by future facilities, such as the Large Synoptic Survey Telescope (Ivezić et al. 2019) , will produce flares that decay as t −9/4 . Additionally, there are physical systems that can masquerade as TDEs by producing a bolometric luminosity that scales as t −5/3 , one example being the fallback onto a black hole or neutron star following a corecollapse supernova (Chevalier 1989; Dexter & Kasen 2013; Fernández et al. 2018) . However, since the density of the ejected hydrogen envelope is orders of magnitude below that of a tidally-disrupted debris stream and declines much more rapidly with time 4 , it is much more difficult to form a recollapsed "shell" of material out of the supernova ejecta that could then modify the Keplerian energy distribution of the infalling debris. Therefore, the decline of an observed lightcurve as t −9/4 could be seen as a more robust indicator of a TDE than the canonical rate of t −5/3 . We also emphasize an important, physical point regarding the nature of our model and our results in comparison to others in the literature: previous calculations of TDE fallback rates have 1) presupposed the existence of a conserved, Lagrangian energy for the gas parcels within the debris stream; 2) assumed that the conserved energy is given by that of a Keplerian orbit; and 3) used the relationship between the energy of a Keplerian orbit and the orbital timescale, which results in a fallback rate of the form (e.g., Equation 1 of Guillochon & Ramirez-Ruiz 2013 and Equation 7 of Goicovic et al. 2019 
Crucially, the existence of a conserved energy -upon which this expression is predicated -is only guaranteed when the gravitational potential is time-independent. However, the time independence of the potential is manifestly violated when a bound core exerts a gravitational field at the (temporally-evolving) marginally-bound ra-3 Though we note that the accretion rates in Figure 2 are superEddington for ∼ 1 yr even for the most massive core, and the large β's required to fully disrupt a denser, γ = 4/3 polytrope yield a large periapsis advance angle that would facilitate selfintersection.
4 Under the frozen-in approximation, the density of the ejected shell from a supernova declines as t −8/3 , as compared to the t −2 decline for a gas-pressure-dominated debris stream (Coughlin et al. 2016a) .
dius, and the lack of a conserved, Lagrangian energy is evident from Equation (1).
Because of the non-existence of a conserved energy, Equation (17) does not lead to a self-consistent determination of the asymptotic fallback rate. For example, if one exploits the one-to-one mapping between the Lagrangian position within the stream and the energy, which we reiterate is only valid when the energy of each orbit is absolutely conserved, then at asymptotically late times the function dM/dE in Equation (17) becomes
where ξ 0 is the initial location within the stream and ξ 0,m is the marginally-bound radius. This result in conjunction with Equation (17) suggests that the fallback rate should eventually approach t −5/3 , independent of the presence of a bound core. On the other hand, one can simply use the Keplerian energy E = v 2 /2 − GM • /r to calculate the energy distribution within the stream and use the relationship E ∝ t −2/3 . However, the presence of the bound core modifies the location of the marginally-bound radius to the black hole within the stream, and the Keplerian energy of that radius is slightly negative. Therefore, if one calculates the fallback rate of only the material that is bound to the black hole and excludes mass at larger radii, then one finds that the fallback abruptly terminates at a finite time (and that time depends on when the Keplerian energy distribution is measured post-disruption).
The origin of these contradictory conclusions is the assumption of the existence of a conserved, Keplerian energy for the gas parcels within the debris stream. This assumption is likely to be approximately valid for the early-time fallback, for which the tidally-disrupted debris has not been greatly affected by the presence of the core (though this statement must also depend on the mass of the core). However, this assumption cannot be valid for the late-time fallback curve, as material that falls back at ever-later times is increasingly modified by the gravitational potential of the core. In contrast, our analysis only exploits the fact that the integrated mass within the stream is only a function of Lagrangian position, which is tantamount to the statement that particle orbits cannot cross, and is therefore upheld even when there is no conserved Lagrangian energy to exploit.
The fallback rate onto the black hole is predicted to closely track the accretion rate for a timescale of tens of years, after which time the accretion rate should be viscously delayed (Ulmer 1999 ) and follows a shallower power-law decline of t −1.2 (Cannizzo et al. 1990; Shen & Matzner 2014) ; this transition is seen in the late-time observations of TDEs, as found by van Velzen et al. (2019) , and the analysis of Auchettl et al. (2017) suggests that viscous delays in X-ray bright TDEs may occur even earlier. Lodato & Rossi (2011) also argued that the early-time X-ray emission should track the fallback rate, and the analysis of 14 observed TDEs by Mockler et al. (2019) found that the viscous delay in that subset was extremely small in the UV and optical (implying that the fallback rate tracked the emission in those bands). It is therefore reasonable to expect the lightcurves of at least some fraction of partial TDEs to exhibit the ∝ t −9/4 decay predicted here. Our simple model employed to assess the rate at which partial TDEs approach a t −9/4 scaling ( Figure 2 ) suggests that this power-law is reached (to within a small factor) on a timescale of months to years when the partial disruption leaves a substantial fraction of mass ( 90% of the initial stellar mass) contained in the core, while the transition occurs closer to 5-10 years postdisruption when the core retains 10% of the initial mass of the star. In general, the rapidity with which the fallback rate assumes this power-law depends on the distribution of mass along the stream dm/dξ 0 , and the closer this distribution becomes to uniform, the earlier that this power-law dependence is reached (see Equation  13 ). In our model, the original, polytropic density structure of the star is maintained by the stream, and it is this additional variation in dm/dξ 0 that provides the delay in approaching the t −9/4 decline. However, it has been found (Lodato et al. 2009; that the distribution of dm/dξ 0 (equivalent to dm/dE when the energy is a conserved Lagrangian variable) becomes considerably flatter when the calculation is done numerically, and Coughlin et al. (2016b) argued that this flattening is due to the effects of self-gravity at early times. We therefore expect the t −9/4 decline to be reached earlier than predicted in Figure 2 when detailed simulations are performed, and the results of Golightly et al. (2019b) -who directly measured the rate of return of bound debris to the black hole and did not rely on an energy-period relation to forward-predict the fallback rate -substantiate this claim (see their Figures 4 and 6, which demonstrate that the t −9/4 decline can be reached almost immediately after peak).
Our model only accounts for the gravitational influence of the core and the SMBH, and ignores the pressure and self-gravity of the stream itself, the fact that the position of the core may not follow a zero-energy orbit exactly (Fabian et al. 1975; Rasio & Shapiro 1991; Manukian et al. 2013; Sacchi & Lodato 2019) , and higher-order moments of the gravitational field of the core; the latter feature must, for very small values of the core mass, become important as the marginally-bound radius approaches the surface of the core itself. When the surface of the core and the marginally-bound radius start to coincide, the mass distribution -as concerns the marginally-bound fluid element -is better approximated by a continuum and not that of a point mass. In fact, the divergence of the gravitational field of the point mass as ξ ∞ → 1 is why n ∞ = −5/3 as µ → 0 in the left panel of Figure 1 (i.e., a point mass will always maintain a finite Hill sphere from which the returning debris leaves, which modifies the temporal power-law index of the late-time fallback rate). We also assumed a very simple distribution of mass to calculate the temporal dependence of the fallback from a partial TDE. We plan to analyze the influence of these additional, physical effects on the late-time (and early-time) fallback from partial TDEs in a future investigation.
